For d<2 the clusters have clear compact structure while for 2<d<4 they show similarity structure familiar in critical phenomena. § 1.
In this paper we discuss binary correlation functions and the structure of clusters. We derive time evolution equations for correlation functions for diffusion-limited reactions A + B .... O and A + A .... O in d -dimensional space within the framework of Yvon-Born-Green approximation. 6 ) From these evolution equations we find the asymptotic time dependence of densities and correlation functions for irreversible reactions A + A .... 0 and A + B .... 0 with equal number of A and B reactants distributed at random initially. As far as the density is concerned, all known results (1'1) and (1' 2) are confirmed. It is shown for A + B .... 0 that the correlation is qualitatively The diffusion constant D is assumed to be common for A and B. Throughout the present work, we shall be concerned mostly with the binary correlation function, (2'1) where nA=NA/Q is the overall density of reactant A, rl is the trajectory of i·th reactant A, etc., and the brackets mean coarse-grained statistical average. Translational invariance is understood. Other correlation functions such as C AA , C BA are similarly defined. For single-species reactions such as A + A -> 0, we suppress superscripts and simply write C. The function CAB(r, t) is thus the number density of reactant B when one reactant A is at r=O.
Let LlQ be the volume centered at r over which the coarse-grained average is to be taken. If a is the capture (or recombination) radius, i.e., thE: distance between reactant particles when recombinations take place, the linear size of LlQ should be of the order of, but considerably larger than, a. If LlQ contains LlN reactant particles, then
where 8(r) takes care of the reference particle A placed at r=O. It follows also that
In the present section we shall obtain evolution equations for the correlation functions in general recombination reactions. We study mainly CAB in the reaction A + B<->O as a representative, and indicate modifications necessary for other correlation functions and/ or reactions. The time evolution of CAB consists of three parts:
where d refers to diffusion (drift), r to recombination A + B->O, and p to production 0 -> A + B. We now investigate these three parts in turn.
The diffusion part is given simply by (2'5) where factor 2 comes from the fact that the B's at r and an A at r=O can both drift.
In Assuming spatial isotropy, we find the solution 
Wo=aDa d -2 C(O, t)
with a a positive constant of order U11ity unless d'J> 1. This gives the capture rate by one particle placed at r=O. If the density is perfectly uniform, then Wo represents the capture rate by a particle at any point r. Otherwise, the capture rate W at r per one particle will be given by Wo multiplied by the ratio of local to overall densities: 6) where n=N/Q is the overall density and LlQ is centered at the point r. This corresponds to Yvon-Born-Green approximation. 6 ) Using (aLlN/at)r= -WLlN, we get
and using (2,2),
The contribution of the reference particle at r=O, which is equal to -Wo times its density oCr), has been supplemented.
_
Generalization to the reaction A + B~O is not difficult. A little reflection will convince one that in place of (2·7) one obtains, for example,
and in place of (2, 8) , using (2,2),
[aCAA(r, t)/at]r=-aDa d -2 C BA (O, t)nA-1CAA.(r, t)CAB(r, t),
Note that the term containing 8(r) is absent in (2·9) sinc~ recombination takes place only between A and B.
Let us next turn to the production 0 ~ A + B. We assume that A and Bare produced at the same space-time point. The microscopic production rate per unit volume is then given by
where the n-th pair is supposed to be produced at (rn, tn). From (2·1) it follows that
+nA-1 jddr '<8(r)8(r-r')R B (r', t»,
where two terms correspond to the increase of the B's and AB pairs, respectively. Substituting (2 ·11) and noting that rl and rn are independent, we obtain
where R=<RB(r, t» is the production rate per unit volume. Similarly (2·13) since no AA pair. is produced.
Combining diffusion, recombinatiQn and production contributions all together according to (2·4), we finally reach the required evolution equations:
Equations (2·14) and (2·15) refer to A+B~O and (2·16) to A+A~O.
In the reaction A + B~O, NA -NB must be conserved. Subtracting (2 ·14) from (2·15), integrating over £2, and noting (2·2), we find that
The difference is thus immaterial for a macroscopic system and
. Asymptotic time dependence of density in the reaction
For the irreversible reaction A + B~O, R=O, and we consider the case nA=nB=n.
Let us define G<±) by

G<±)(r, t)=[CAB(r, t)±CAA(r, t)]/2.
According to (2'14) to (2'18), we then find
In view of (2'3), G<±) can be Fourier expanded in the following manner:
The last term arises from oCr) in (3·2). Since our correlation functions are coarsegrained, the function oCr) in (3·2) is not really the Dirac o-function but is much less singular. The last term of (3'5), therefore, should not be present for k > K =a- 1 • Solution of (3'5) for k-:::OK is
and where
G<-)(r,O) is the initial distribution of G<-) and (3·8)
For sufficiently large t such that t ~(DK2>-1
where -l/Q is introduced in order to make J ddr F(r, t)=O which is required since G<-) does not contain k=O Fourier component. It can, of course, be neglected for a macroscopic system. Evolution equation for G k <+) is more complex. From (3'3) and (3'4), we obtain
Here again, the third term arises from 8(r) in (3·3) so that it is present only for k~K.
Since there is no production, n, CAB(O, t) and G k must all decrease with t. We shall later see that n-1 C AB (0, t) does not increase with time. For sufficiently large t we may, therefore, neglect the last term compared with other three and then (3·9) may be integrated:
and
where
and r' is similarly defined but with t replaced by t'. The initial distribution is given by
, Let us assume that the distribution is initially at random, namely, r/ and rl are distributed at random when the reaction is turned on. We then have
wheren(O)=N(O)/Q is the initial density of A (or B). According to (2·3) and (3·1), 1i=f ddrG(+)(r, t)/Q. Using (3·3) and (3·4), we then have (3·15)
where Gk(-)(t) and Gk(+)(t) are given by (3·6) and (3·10), respectively. Taking the average over initial distributions as specified in (3·14), we find (3·16) (3'18) where the average has been taken over initial distributions. Equations (3 '16), (3 '17) and (3 '18) form the bases for the following discussion on the asymptotic behaviour of our system . . In order to find the asymptotic time dependence, let us put aDa d -2 C AB (0, t)=B t- 
where to is the transient time after which the system behaves asymptotically. In the Appendix fp(x, y) is given for specific cases.
From (A'1)~(A'2") and (3'19) we find
where B(a, b) is the beta function, noting c~a2/D,
where c is a positive constant of order unity, and
Substituting (3'21) to (3'23) into (3'16), we find We proceed to find asymptotic behaviours of the correlation functions CAB(r, t)
nTW(t)= n(0)l/22-3d'4;r-(l/2+dI4) (Dt)-dI4 .
and CAA(r, t) and then discuss formation of segregated clusters in the reaction A + B ~o. We start from (3·11) and (3·7) averaged over random initial distributions:
G(+)(r, t)=n-(aDa d -2 /2) ltdt'CAB(O, t')F(r, t-t')e-2 (r-r')
,
The asymptotic time dependence of CAB(O, t) was assumed to be r P in § 3. This led to r=B't l -P according to (3·12). The values of /3 may be found by substituting n(t) given by (3·24) into (3·21) to (3·23):
Using these asymptotic relations and (3·8), we get for r <-a, after manipulations similar to those which led us to (3·19),
G(+)(r, t)=n-CAB(O, t)(Dt/a 2 )I-dI2Jp{r 2 /Dt, B't l -P ).
From (A·3) and (3·21)~(3·23) we get
where g(x) decreases rapidly for x> 1 and ~ 1 for x < 1, and for a;S r;S (Dt P /B') 112 ,
A remark is in order concerning the factor B' which has been introduced through
B'tl-P=r=aDad-21tdt'CAB(0, t').
For d<4, CAB(O, t)~t-P with /3<1 so that B'tl-P~Dad-2CAB(0, t)t, and 
G<-)(r, t)=-nG(r 2 /Dt)/G(0) , (d<2)
G<-l(r, t)' :::
The functions G(x) and H(x) decrease rapidly for x>l and ~1 for x:Sl.
The correlation functions C AA and CAB may be found from G<+) and c<-) according to (3·1). d<2. From (4·3) and (4·9), we find that both correlation functions have the scaling form:
CAA(r, t)':::=. n[l + G(r 2 /Dt)/G(0)] , CAB(r, t)':::=.n[1-G(r2/Dt
which show that the correlation length is (Dt)1/2. A remark is in order concerning the approximate nature of (4·12) which is in the form CAB(r, t)=n/(r 2 /Dt) with /(0)=0, i.e., CAB(O, t)=O. We know, however, that CAB(O, t)~ r1+d l 4 which decreases faster than n~ t-dI4 . Hence CAB(r, t) should have the form 
CAB(r, t)=n/(r 2 /Dt)+C AB (0, t)g(rt-
where we have used relations (4-6) and (4-7). It is noted that h>12. 
substituting into the evolution equation (2 -16) with R =0, and linearizing with respect to C k (as we shall see, C k is indeed small so that the linearization is justified), we find
where r is defined by (3 '12) with CAB replaced by C. As in § 3, we assume that the initial particle distribution is at random. Corresponding to (3'14), we then have
where n(O) is the initial density. According to (2'3), n=fddr C(r, t)/Q. From (2'16), (5'1), (5'2) and (5·3) it follows that Substituting (5' 2) into (5 '1) and taking the average over initial distributions as specified by (5·3), we obtain, noting (5'6) and (5'7), .
C(r, t)=n+ ltdf(n' /n')F(r, t-t')(n/n')2 ,
where n'=n(t'). In view of (5'7), this yields for r=O
The asymptotic time dependence of n may be found from this equation. Putting n=A t-S and using (3'17), we obtain (5'10)
where 11-2S is given by (3'20) with 11=1 ~2s. After manipulations similar to those which led us to (4'2), we obtain from (5'S)
C(r, t)=n-(Dt)-d/2(2s/a)1 1 _ 2S (r 2 /Dt, 0). (5·11)
It can now be shown that the density n is asymptotically independent of initial density n(O). This is in contrast with the reaction A + B~O studied in § 3. Equation (5°10) is valid only asymptotically but let us suppose for the moment that it holds for all t. Then the solution of (5°10) is
with which increases indefinitely with t, where 1{-28 is given by 11-28 with t replaced by t'.
Hence, for sufficiently large t, n~ a>(t)-\ namely, n is asymptotically independent of n(O).
We now turn to the discussion of asymptotic behaviour of nand C(r, t) for the specific d's.
d<2. In (5 0 10), the first term within the brackets is negligible so that n~rdI2, namely, s=d/2 and n/n= -d/2t. Hence
which is indeed independent of n(O). We note that n is also independent of the capture length a. The correlation function (5 °11) thus has the scaling form:
which vanishes at r=O. Actually, there takes place a crossover of time dependence as we have seen in § 4. The relation C(O, t)~0 shows that there exist strong correlations among particles and this is the reason why we have n ~ r dl2 in place of classic n~ t-1 . The correlation length is (Dt)1/2 and is equal to the mean inter-particle distance n-1/d . d=2. From (Aol") and (5°10) we have
Again, this is independent of n(O) and depends on a~(cD)1!2 only logarithmically. Equations (5°11) and (5°14) lead to (A04'), (5°11) and (5°16) lead to the non-scaling form
with H(x) a function decreasing rapidly for x> 1. In contrast to the cased < 2, C( 0, t) ~ n according to (5 ° 7), which indicates that correlations are weak.
s. Kanno
We conclude by noting that for all dimensions the number of correlated particles is of order of unity: should have structure similar to those in critical phenomena, that is, the similarity structure 7 ) percolated by partners of recombination reactions. The clusters cannot be percolated by partners and are compact for d<2 as we have seen in § 4. The difference, and hence the existence of the critical dimension d=2, may be understood in terms of the random-walk nature of diffusion process. It is well known that the random walk is reentraneO) if d < 2. Thus a particle certainly hits and recombines with a partner within a time for the particle to diffuse over inter-particle distance if d < 2. A cluster cannot then be percolated by partners and should be compact. This does not apply if d > 2 so that a cluster can be percolated by partners and have similarity structure through fluctuations and recombinations.
As we have seen in (4 ·17), the number of correlated particles, Ne, increases with gives rise to one more critical dimension d=4 concerning the correlation. We have concentrated on the irreversible reactions in the present work. The evolution equations derived in § 2 can of course be applied to analyse more general reversible reactions A + B~O. In particular, we can find the behaviour of density as it approaches equilibrium value. This will be the subject of a further investigation. Here G(x) and H(x) both decrease rapidly for x> 1 and ~ 1 for x;S 1.
